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We study the self-force acting on a static charged point-like particle near a Schwarzschild black
hole. We obtain the point-like particle as a limit of a spacetime describing a big neutral black
hole with a small charged massive object nearby. The massive object is modeled by a black hole
or a naked singularity. In this fully interacting system the massive object is supported above the
black hole by a strut. Such a strut has a non-zero tension which corresponds to the external force
compensating the gravitational force and the electromagnetic self-force acting on the massive object.
We discuss details of the limiting procedure leading to the point-like particle situation. As a result,
we obtain the standard gravitational force in the static frame of the Schwarzschild spacetime and the
electromagnetic self-force. The electromagnetic self-force differs slightly from the classical results in
a domain near the horizon. The difference is due to taking into account the influence of the strut
on the electromagnetic field. We also demonstrate that higher order corrections to the gravitational
force, a sort of gravitational self-force, are not uniquely defined, and they depend on details of the
limiting procedure.
I. INTRODUCTION
The self-force problem is a problem of computing the
motion of charged particles in an external gravitational
field by taking into account a self-interaction of a par-
ticle with its own field. This problem has a long his-
tory going back to the classical works [1–4]. Even in
flat spacetime it is not quite trivial to take into account
radiation-reaction effects and the fact that an electro-
magnetic mass of a charged particle is not localized at
a point. In curved spacetime the task becomes much
more involved and subtle. In the four-dimensional case
many approaches were developed for how to deal with
this complicated problem. Three decades ago the study
of self-force and self-energy was mostly related to the
electric charges [5–16]. The perturbative approach was
developed by Zerilli [17] and proved to be very effective
in computations of the gravitational and electromagnetic
self-force [18–20]. Currently, development in this field is
mainly motivated by the study of various processes in the
vicinity of black holes or during black-hole collisions.
After the discovery of gravitational waves from binary
black-hole mergers, a study of the self-force of compact
objects in the black-hole background gained new interest.
It can provide a very effective tool to test general relativ-
ity in a strong gravity limit. There are excellent reviews
of the topic [21–23] where one can find a description of
the contemporary methods, results, and applications of
the self-force approaches discussed in the literature.
In four dimensions computation of the self-force in a
strong gravitational field is technically quite involved,
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but conceptually, it is now well understood. It was sur-
prising [24, 25] that the generalization of the widely ac-
cepted and well-tested methods of computation of the
self-energy [25–45] to higher-dimensional spacetimes led
to unexpected ambiguities. It was noted [24–26] that in
odd-dimensional spacetimes, the standard calculation of
the self-force leads to some logarithmic terms depending
on an unknown scale parameter. This problem appears
even in a flat (Rindler) geometry [25]. A few approaches
were proposed [24, 25, 46, 47] for how to fix these un-
pleasant ambiguities in higher dimensions. But although
physically reasonable, they do not necessarily provide an
invariant description of the self-force.
In four dimensions there remain some subtle problems
with the invariant description of the gravitational self-
force. In a first-order perturbation of the metric ev-
erything is clear: Any compact object moves as a test
particle in the certain effective metric satisfying the lin-
earized Einstein equations. Taking into account the self-
force effects requires computations up to a second order
of perturbations of the geometry, which are non-linear.
Nevertheless, a similar statement is still valid [48], but it
requires a refinement of a test point-particle approxima-
tion.
This approximation, like in electromagnetism, consid-
ers an extended object in the limit when mass, charge,
momentum, and size scale to zero in a proportional man-
ner [45]. The self-force is given by the quadratic in these
parameters. This limiting procedure leads to a physically
satisfactory description of self-force effects for a test par-
ticle [37, 42–44, 49–52], but invariance of the self-force
effects up to second order in these small parameters re-
quires a special analysis [23, 53]. We will return to this
point at the end of the Introduction.
One of the ways to test our intuition and com-
putational methods is to apply them to the exactly
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2solvable models. This approach was successfully ap-
plied to study a self-force acting on a static charge in
Schwarzschild spacetime [5, 7–11], Kerr–Newman space-
time [13], Schwarzschild–de Sitter spacetime [35], and
cosmic string spacetime [54], or to probe the spacetime
global structure [55]. Let us recall that, for a particle
at the static orbit in Schwarzschild spacetime, the “clas-
sical” answer for the magnitude of the electromagnetic
self-force in the static frame is
Fsf =
q2oM
r3
, (1.1)
and the self-force is pointing radially, away from the black
hole [8, 10, 11].
In this paper we study the effect of a self-force exerted
on a static electric charge placed in the vicinity of an un-
charged black hole. The idea is to use the exact double
black-hole solutions of the Einstein-Maxwell equations,
where all back-reaction effects are taken into account ex-
actly. Then we take the point-particle limit, when the
mass and the charge of one component proportionally
scale to zero. In this limit we obtain the test charged
particle in the background geometry of the Schwarzschild
black hole. We analyze the force which keeps the system
in equilibrium.
The limiting system contains the black hole, the test
charge, the electromagnetic field due to the charge, and
the agent, which balances the particle at its position:
the test strut between the black hole and the particle.
The perturbation of the geometry due to the last term is
frequently overlooked in some approaches. It is true that
the strut is a test object which does not affect the limiting
Schwarzschild geometry. However, the self-force of a test
charge is the second-order perturbation effect. The test
strut or string influences the geometry and modifies the
surrounding electromagnetic field, which in turn affects
the self-force.1
In our model of the fully interacting system, two black
holes are kept in equilibrium by a strut described by a
conical defect between them. The geometry and, con-
sequently, the electromagnetic field are affected by the
presence of this conical defect. We compute the limit-
ing self-force on the particle by taking into account this
effect. As a result, we obtain
Fsf =
q2oM
r3
1− Mr
1− 2Mr
. (1.2)
This expression differs from the classical result (1.1). The
reason for this difference is that it also takes into account
the influence of the strut which keeps the particle at its
position. Both expressions for the self-force agree suf-
ficiently far from the horizon, but they differ near the
1 A similar approach has been adopted in the work of LaHaye and
Poisson [56], which appeared during the publication process of
this paper.
horizon, when the tension and the linear energy density
of the strut are big.
Finally, let us comment on the well-definiteness of our
limiting procedure. Limits of the spacetimes are rather
involved and depend on many ingredients [57, 58]. The
spacetime description itself must deal with the standard
diffeomorphism freedom, and the limiting procedure adds
additional ambiguity. For example, in our system of a
test particle near the black hole, even the answer to the
simple question “What position of the black hole corre-
sponds to a position of the point particle?” depends on
the limiting procedure.
In Ref. [58] three types of “gauge freedom” have been
described: (i) identification of points in the perturbed
spacetime with points in the background spacetime; (ii)
the freedom to perform a coordinate transformation (or
diffeomorphism) on the background, inducing, via an
identification map, a coordinate transformation in the
full spacetime; (iii) the choice of the spacetime family
used in the limiting procedure. This freedom corresponds
to a choice of “what to hold fixed” while taking the limit.
The first two freedoms are related to the standard dif-
feomorphism gauge freedom of general relativity, and we
do not discuss them in much detail. In our paper, we
fix the identification of points during the limit using the
Weyl coordinates. Other choices could lead to diffeomor-
phically equivalent results—if the identification of points
does not differ significantly; or one obtains qualitatively
different results—if the identification of points during the
limiting procedure does, for example, infinitely zoom in
on some particular area or stretch some particular direc-
tion.2
In this paper, we are not interested in these phenom-
ena. We are primarily concerned with the third type of
freedom above. As discussed in [58], this freedom, in gen-
eral, cannot be removed or compensated by small coordi-
nate transformations. This freedom reflects the choice of
a particular limiting procedure. The choice is fixed by co-
ordinate independent physical observables that are used
to identify points of a set of different spacetimes. Differ-
ent gauge-invariant limiting procedures may lead to phys-
ically different predictions for the gravitational self-force
of a test particle, while the electromagnetic self-force is
independent of these choices. The position of the test
particle is defined by the physical observables, like proper
distance, thermodynamic length, red shift factor, and
other invariant observables. In the literature, though,
it is common to fix the distance from the black hole as
a coordinate distance, e.g., Schwarzschild or Weyl radial
coordinate. Mathematically, it is a very convenient gauge
choice, especially for perturbative computations, but im-
plicitly, it assumes a very particular gauge-noninvariant
limiting procedure.
2 Typical examples of such a dependence on the point identification
are near-horizon limits of black-hole geometries.
3This ambiguity may affect the expressions for the self-
energy, the self-force, and the effective equations of mo-
tion of the particle. It is important to find out which
effects and quantities are robust and which ones depend
on the limiting procedure. This freedom can be fixed by
choosing operationally defined quantities that are held
fixed while taking the limit. There may be several phys-
ically motivated operational choices for these quantities,
and it is not guaranteed that they will provide the same
prediction for the self-force. Of course, if one makes the
choice of the limiting procedure, i.e., the choice of exper-
imentally measurable observables which are kept fixed,
then the prediction for the self-force becomes unambigu-
ous.
We demonstrate the robustness of the electromagnetic
self-force, i.e., its independence on the limiting proce-
dure. As for the gravitational self-force, we find that
it does depend on the choice of variables that are kept
fixed in the limiting procedure. For example, keeping the
total mass measured at spatial infinity constant gives a
different gravitational self-force than when keeping the
surface gravity of the black hole fixed. Depending on the
physical motivations and further applications of the re-
sult, one can thus have equally well justified but different
expressions for the gravitational self-force.
The plan of our work is as follows: First, in Sec. II,
we describe the system of two black holes and review
its geometrical and thermodynamical characteristics. In
Sec. III, we briefly recall the concept of the test charge
and previously known results for the electromagnetic self-
force. In Sec. IV, we describe the limiting procedure to
a point test particle, derive the gravitational and elec-
tromagnetic self-forces, and discuss their properties. In
Sec. V, we summarize and discuss our results.
II. DOUBLE BLACK-HOLE SOLUTION
A. Geometry
An asymptotically flat static solution of Einstein-
Maxwell equations describing two nonextreme charged
black holes in equilibrium was obtained in [59–63]. Its
metric and the electromagnetic vector potential can be
written in cylindrical Weyl coordinates as
ds2 = −f dt2 + f−1 [h2(dρ2 + dz2) + ρ2 dϕ2] , (2.1)
At = −Φ , Aρ = Az = Aϕ = 0. (2.2)
Here f, h and Φ are the functions of the coordinates ρ
and z only.
The Weyl coordinates describe the exterior of the black
holes. Horizons of both black holes degenerate into two
rods localized on the axis ρ = 0, see Fig. 1. The centers
of these rods are localized at zH and zh, respectively
and their coordinate distance is given by the separation
(ρ, z)
z +σhz −σh zhM−M z =0H
r−
r+R−
R+
R
ρ
z
m, qM τ
FIG. 1. The spacetime of two back holes in Weyl coordinates
ρ, z, (t = const, ϕ = const). The horizons of both holes are
squeezed into coordinate-singular rods placed on the symme-
try axis ρ = 0. The centers of these rods are at zh and zH ,
the half-lengths of the rods are σ and Σ. The quantities r±
and R± are evaluated as coordinate distances from the ends
of the rods. They play a role in the expressions for the metric
functions. The figure is adjusted to the case investigated in
this paper, when one of the black holes is uncharged, Q = 0
(which implies Σ = M), and it is placed at the origin, zH = 0.
parameter R
R = |zh − zH |. (2.3)
Without loss of generality, we can set the origin of the z
coordinate such that zH = 0. The half-lengths Σ and σ
of the rods are given by
Σ2 = M2 −Q2 + 2µQ , σ2 = m2 − q2 − 2µq . (2.4)
where M, m and Q, q are masses and charges of the black
holes, respectively. Here and below we use several con-
stants:
µ =
mQ−Mq
R+M +m
,
ν = R2 − Σ2 − σ2 + 2µ2 ,
κ = Mm− (Q− µ)(q + µ) ,
K∗ = 4Σσ
(
R2 − (M −m)2 + (Q− q − 2µ)2) .
(2.5)
The metric functions f and h are
f =
A2 − B2 + C2
(A+ B)2 , h
2 =
A2 − B2 + C2
K2∗R+R−r+r−
, (2.6)
and the potential for the Maxwell field is
Φ =
C
A+ B . (2.7)
Here, A, B, C are complicated auxiliary functions [60–
63] which are listed in Appendix A. They are written in
terms of coordinate distances from the endpoints of the
rods, cf. Fig. 1:
R± =
√
ρ2 + (z − zH ∓ Σ)2 ,
r± =
√
ρ2 + (z − zh ∓ σ)2 .
(2.8)
4(ρ, z)
|σ|
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FIG. 2. Spacetime of an uncharged black hole with a charged
naked singularity nearby, shown in Weyl coordinates ρ, z,
(t = const, ϕ = const). The horizon of the black hole is rep-
resented by the rod placed on the symmetry axis ρ = 0 at
z = zH ≡ 0. At the coordinate z = zh ≡ R, positioned sym-
metrically around the axis, there is a disk-like coordinate sin-
gularity of the radius |σ|. It plays the role of a wormhole:
the spacetime can be extended through the disk by gluing
another patch of Weyl coordinates with analytically extended
metric functions. At the coordinate m behind the wormhole
along the symmetry axis there is a naked curvature singular-
ity. The quantities R± are the coordinate distances from the
ends of the rod. Similar quantities r± associated with the
naked singularity are complex, however, they still lead to the
real metric functions.
The solution describes two black holes when the quan-
tities σ and Σ are real and satisfy the condition
R > Σ + σ . (2.9)
The equality in this condition would represent the
limit of touching black holes. In the uncharged case,
Q, q = 0, it leads to the spacetime with one black hole of
mass M +m.
Negative Σ2 and/or σ2 correspond to the presence of
naked singularities instead of black holes [59]. Although
in this case Σ and/or σ are imaginary, and, as a conse-
quence, R± and/or r± are complex (but complex conju-
gate to each other), the metric functions turn out to be
real as needed for a physical interpretation.
In the black-hole case, the Weyl potential 12 log f is, in
fact, the Newtonian potential corresponding to the two
horizon rods as sources with density 12 in an auxiliary
Euclidian space covered by the cylindrical coordinates
ρ, ϕ, z. In the naked singularity case the rods are re-
placed by disks positioned at zH and/or zh of the radii
|Σ| and/or |σ|, respectively, cf. Fig. 2.
Both rods and disks are just coordinate singularities
of the Weyl coordinates. The rods correspond to hori-
zons, and the spacetime can be extended through them
into the interior of black holes. The disks are just branch
surfaces of the Weyl coordinates, and they can be viewed
as wormholes into other parts of the spacetime. At each
disk one needs to glue the Weyl coordinates with an-
other patch of coordinates on the other side of the disk.
Such a patch describes a prolongation of the spacetime.
When following the symmetry axis through the disk, at
the coordinate distance M (or m for the other disk), one
encounters a naked curvature singularity [59].
B. Double black-hole solution. Physical quantities
The described solution has been thoroughly analyzed
in [59–64]. The most physically interesting quantities
have been calculated, and we just list them here. The
formulas assume the black-hole case. But typically, the
quantity defined for one of the black holes remains well
defined when the other black hole is changed to a naked
singularity. In this case one has to remember that the
corresponding Σ2 or σ2 is negative.
The total mass of the system is
M = M +m . (2.10)
The areas of the horizons of both black holes are
A = 4pi
(
(R+M +m)(M + Σ)−Q(Q+ q))2
(R+ Σ)2 − σ2 ,
a = 4pi
(
(R+M +m)(m+ σ)− q(Q+ q))2
(R+ σ)2 − Σ2 ,
(2.11)
the surface gravities are
K =
Σ
(
(R+ Σ)2 − σ2)(
(R+M +m)(M + Σ)−Q(Q+ q))2 ,
κ =
σ
(
(R+ σ)2 − Σ2)(
(R+M +m)(m+ σ)− q(Q+ q))2 ,
(2.12)
and the electric potentials on the horizons are
Φ =
Q− 2µ
M + Σ
, φ =
q + 2µ
m+ σ
. (2.13)
The total charges of each black hole are Q and q, re-
spectively. It is not a simple task to identify a mass of
each black hole separately since one cannot avoid the non-
linear nature of the mutual interaction. But it is argued
in [60] that the parameters M and m directly describe
the individual masses of the black holes. One can also
observe a remarkable property that both of these param-
eters satisfy the Smarr relations in the form
M = 2TS + ΦQ , m = 2ts+ φq , (2.14)
where entropies S, s and temperatures T , t are defined
in the standard way,
S =
A
4
, s =
a
4
, (2.15)
T =
K
2pi
, t =
κ
2pi
. (2.16)
Both black holes (or naked singularities) interact, be-
sides through the gravitational and electromagnetic in-
teraction, also through a strut localized on the axis be-
tween them. It can be shown that the axis between black
5holes is not smooth but contains a conical singularity.
Such a singularity represents a thin physical source with
an internal energy and a tension. These can be related
to the conical defect on the axis [60, 62, 65]. When the
angle ∆φ around the axis is smaller than the full angle
∆φ = 2pi − δ, with δ > 0, the object on the axis is called
the cosmic string. If the angle around the axis is bigger
than 2pi, then δ < 0, and the object represents the strut
[65]. The strut has a negative energy density ε and a
positive linear pressure τ , which is also called the ten-
sion of the strut. These are related to the angular excess
−δ > 0 as τ = −ε = − δ8pi > 0. Intuitively, because of the
equality between linear energy density and tension, the
effective gravitational masses of the string or the strut
vanish. As a consequence, the influence on the surround-
ing spacetime is special: it effectively causes only the
conical defect on the axis.
The system discussed contains a strut between the
black holes with the tension [62]
τ =
κ
ν − 2κ =
Mm− (Q− µ)(q + µ)
R2 − (M +m)2 + (Q+ q)2 . (2.17)
One can also associate with the strut a conjugate thermo-
dynamical observable called the thermodynamic length `,
see [66]. It has the meaning of the strut worldsheet area
per unit of the Killing time,
` =
1
∆t
∫
strut
dA =
1
∆t
∫ t+∆t
t
∫
z
h
∣∣
ρ=0
dz dt . (2.18)
The metric function h is constant on the axis and between
the black holes (or naked singularities). It has the value
h
∣∣
ρ=0
= ho ≡ ν − 2κ
ν + 2κ
. (2.19)
For the case of two black holes one integrates over the
part of the axis between the horizons and the thermody-
namic length is thus
`Hh = (R− Σ− σ)ν − 2κ
ν + 2κ
= (R− Σ− σ) R
2 − (M +m)2 + (Q+ q)2
R2 − (M −m)2 + (Q− q − 2µ)2 .
(2.20)
For the case of a naked singularity of mass m and charge
q near the black hole of mass M and charge Q one inte-
grates between the horizon and the singularity, yielding
`Hs = (R− Σ +m)ν − 2κ
ν + 2κ
= (R− Σ +m) R
2 − (M +m)2 + (Q+ q)2
R2 − (M −m)2 + (Q− q − 2µ)2 .
(2.21)
The proper length of the strut is typically more com-
plicated, and it is evaluated in Appendix C.
Either of the black holes or both can be made extremal
independently. This happens when Σ2 = 0 and/or σ2 =
0. The corresponding conditions for the charges are
Q =
M
R+M−m
(
±
√
(R+M)2+q2−m2 − q
)
,
q =
m
R+m−M
(
±
√
(R+m)2+Q2−M2 −Q
)
.
(2.22)
Of course, the extremal case corresponds to the boundary
at which the black-hole spacetime changes into the naked
singularity spacetime.
C. Neutral black hole
In the following sections we study a small black hole
or naked singularity near a big neutral black hole of mass
M . In this case Q = 0, Σ = M , and the thermodynamic
quantities reduce to
S = 4piM2
(R+M +m)2
(R+M)2 − σ2 ,
s = pi
(
(R+M +m)(m+ σ)− q2)2
(R+ σ)2 −M2 ,
T =
1
8piM
(R+M)2 − σ2
(R+M +m)2
,
t =
1
2pi
σ
(
(R+ σ)2 −M2)(
(R+M +m)(m+ σ)− q2)2 .
(2.23)
The potentials on the horizons are
Φ =
q
R+M +m
, φ =
q
m+ σ
R−M +m
R+M +m
. (2.24)
The tension of the strut has the form
τ =
κ
ν − 2κ =
Mm− (Q− µ)(q + µ)
R2 − (M +m)2 + (Q+ q)2 . (2.25)
The thermodynamic length in the case of a small black
hole reduces to
`Hh =
(R−M−σ)(R2 − (M+m)2 + q2)
R2 − (M−m)2 + q2 (R−M+m)2(R+M+m)2
, (2.26)
and in the case of a small naked singularity to
`Hs =
(R−M+m)(R2 − (M+m)2 + q2)
R2 − (M−m)2 + q2 (R−M+m)2(R+M+m)2
. (2.27)
The extremality condition (2.22) for a small black hole
yields
q2 = m2
R+M +m
R−M +m . (2.28)
For the square of charge q2 smaller than this critical
value, the spacetime describes two black holes; if q2 is
larger, it represents a charged naked singularity above
the uncharged black hole.
6D. Schwarzschild geometry
For Q = 0, m = 0, and q = 0, the geometry reduces
to the Schwarzschild solution of mass M . In the Weyl
coordinates it has the form given by the metric functions
f =
R++R−−2M
R++R−+2M
, h2 =
(R++R−)
2 − 4M2
4R+R−
. (2.29)
The transformation from the Weyl coordinates t, ρ, z, ϕ
to the Schwarzschild spherical coordinates t, r, ϑ, ϕ is
[67, 68]
ρ =
√
r(r − 2M) sinϑ , z = (r −M) cosϑ . (2.30)
In particular, along the semiaxis ϑ = 0, i.e., ρ = 0, z > 0,
we have
r = z +M . (2.31)
III. SELF-FORCE OF A TEST CHARGE
A test charged particle in a gravitational field, i.e., in a
curved spacetime, creates an electromagnetic field in the
spacetime. For an extended object, such a field interacts
with the object itself. Therefore, one can expect that in
the limit of a point particle, such an interaction survives
in the form of a self-force. The self-force acts on the
generically moving point particle already in Minkowski
spacetime [1–3]. This interaction can be understood as a
reaction on the field radiated by the particle. The self-
force also can be evaluated in the curved spacetime [4,
69, 70], where there are additional contributions due to
scattering of the electromagnetic field on the curvature.
For a static charged particle in the Schwarzschild or
Reissner-Nordstrom spacetimes, the electromagnetic self-
force has been evaluated by various methods, see, e.g.,
Refs. [5, 7–11]. We phrase the results in terms of the
external force which is needed to support the particle at
the static orbit. The total force F ext = Fexter needed
to support the test particle of a rest mass mo and of a
charge qo floating at the Schwarzschild radius r near the
black hole of mass M is
Fext =
moM
r2
(
1− 2M
r
)− 12 − q2oM
r3
, (3.1)
where er is the normalized radial vector in the static
and locally comoving frame. The first term balances a
classical gravitational force in the static frame at radius r.
The second term is equal to the additional self-force due
to the self-interaction of the charged particle with its own
electromagnetic field. The characteristic of the self-force
is that it is proportional to a square of the charge and
to the mass of the black hole, and it always points away
from the black hole.
In principle, there exists a self-floating solution when
the self-force exactly balances the gravitational force.
However, it occurs only for unphysical values of the in-
volved quantities, namely, for the black hole with a grav-
itational radius smaller than the classical “radius” of the
point particle q
2
mo
and at a distance comparable with this
radius, see discussion, e.g., in [10].
Similarly to the electromagnetic self-force, one could
expect that the point particle acts on itself also through
the gravitational self-force. To estimate such an inter-
action, however, is a much more difficult task since it
involves an evaluation of the backreaction of the singu-
lar source on the spacetime geometry, which, due to the
nonlinear nature of the Einstein equation, is not an eas-
ily defined problem. However, there is a wide variety of
approaches to this problem in the recent literature (see,
e.g., Refs. [21–23] and references therein).
In various approaches, a common feature of the gravi-
tational self-force is that it is not as unambiguous as the
electromagnetic self-force. It usually depends on details
of how the self-force is evaluated and how the approxi-
mation of the point-like particle is obtained.
IV. SELF-FORCE FROM A LIMIT OF A FULLY
BACKREACTING SYSTEM
A. Limiting procedure
In our approach of evaluating the self-force acting on
the static point-like particle in the Schwarzschild geom-
etry, we start with an exact solution of the Einstein-
Maxwell equations representing a big uncharged black
hole of mass M and a small massive object of mass m
and charge q, which can be either a small black hole or
a naked singularity, depending on the values of m and q.
Such a solution has been described in Sec. II.
This solution contains all of the information about the
gravitational and electromagnetic interaction between
a big black hole and a small massive object, includ-
ing all kinds of gravitational and electromagnetic “self-
interaction”. It also describes the agent which keeps both
objects in a static equilibrium, namely, the strut localized
on the axis between the objects. This strut has a linear
energy ε and a linear pressure (tension) τ along the axis.
This pressure exactly corresponds to the external force
which is needed to keep the massive object at a constant
distance above the black hole.
Next we perform a limit in which the mass and charge
of the massive object become small and the massive ob-
ject changes into a point-like test particle. The strut also
becomes a test source, which no longer influences the
resulting background geometry. However, it still has a
tension which corresponds to the external force needed
to support the test particle at the static orbit and it
balances both the gravitational and electromagnetic in-
teractions.
As already mentioned, we perform the limit in the
class of double black-hole spacetimes characterized by
parameters M , R, m, and q. We know that for m = 0,
7(ρ, z)
zhM−M z =0H
R−
R+
ρ
z
m,q ~ 0τ ~ 0
R0
M0
0 0
FIG. 3. Limiting Schwarzschild spacetime in Weyl coordi-
nates. The horizon of the neutral black hole of mass M0 is
represented by the rod of the half-length M0. The point-like
particle of a test mass m and charge q is localized at z = R0,
ρ = 0. It is a remnant of a small black hole (cf. Fig. 1) or a
naked singularity (cf. Fig. 2) in the limit m, q → 0, i.e., when
the rod or the disk representing the black hole or naked sin-
gularity, respectively, shrinks to a point.
q = 0, the geometry reduces to the Schwarzschild geome-
try, Fig. 3. This means that we need to approach the val-
ues [M0, R0, 0, 0] with a curve [M(), R(), m(), q()]
in the parametric space, where M0 and R0 are just lim-
iting values of the mass of the big black hole and of the
separation parameter.
However, to identify the position of the test particle
in the final Schwarzschild geometry of mass M0, it is
necessary to identify points of the manifolds during the
limiting process. It is well known [57] that different iden-
tifications can lead to different limiting spacetimes. In-
deed, the suitably chosen identification of points can in-
corporate zooming of some parts of the spacetime and
squeezing of others.
In our procedure we identify points by fixing the Weyl
coordinates during the limiting process. The points for
different values of the spacetime parameters are identi-
fied if they have the same Weyl coordinates. Of course,
this defines the identification only in the static domain
outside the black holes, but it is the domain which we
are interested in. We also assume that the big uncharged
black hole is localized at zH = 0 during the limiting pro-
cedure.3
With such an identification, as a result of the limit,
the small black hole or naked singularity reduces to a
point-like object localized on the axis at z = zh ≡ R0 in
the Weyl coordinates. In the Schwarzschild coordinates
this corresponds to
r = R0 +M0 , (4.1)
cf. relation (2.31).
3 This just fixes one degree of the diffeomorphism freedom.
B. Limit m, q → 0 with m ∼ q
Now we have to stipulate in more detail, how we ap-
proach the limiting spacetime. For that we specify an ex-
pansion of the parametric curve [M(), R(), m(), q()]
near its limiting value  = 0,
m() = mˆ  ,
q() = q1 + q2 
2 + . . . ,
M() = M0 +M1 + . . . ,
R() = R0 +R1 + . . . .
(4.2)
It is essentially the limit in small mass m, and we require
that the charge scales to zero as well. We assume that
the mass and charge of the massive object approach zero
in the same order. Therefore, the massive object can rep-
resent both a black hole and a naked singularity during
the limiting procedure.
By setting coefficients q1, q2 , . . . to zero, we have the
case in which we shrink a small neutral black hole. The
case of a naked singularity with charge q much larger
than mass m will be explored in the next subsection.
We have kept the higher order coefficients in expan-
sions (4.2) to have control over details of the limiting
procedure. This is because we still need to specify, based
on physical grounds, how we should perform the limit. It
is natural to require that we perform the limit by keeping
the big hole and its separation from the massive object
“unchanged.” However, the spacetime changes during
the limit, so we do not expect that the big black hole
remains completely unchanged. We can choose a partic-
ular characteristic which remains the same in the limiting
procedure.
A natural candidate is the mass M of the black hole.
But one could also consider the entropy S (the area) of
the black hole, or temperature T (the horizon surface
gravity), or maybe the total mass M of the system.
For the separation of the massive object from the black
hole, the situation is even more ambiguous. We can keep
the separation parameter R constant, but this does not
have a direct physical meaning—it is a coordinate dis-
tance between fictitious centers of the black holes. A
more plausible choice for two black holes could be to keep
the coordinate distance between the horizons, R− Σ− σ,
constant. For a naked singularity near the black hole one
could consider the coordinate separation up to the singu-
larity: R+m from the black hole “center” or R− Σ +m
from the horizon. Moreover, instead of the coordinate
separation, it would be more natural to use the thermo-
dynamic length ` or the proper distance L. All of these
choices define different limiting curves in the paramet-
ric space. Therefore, we have to investigate whether this
choice influences the resulting force acting on the test
particle.
For that we need to expand the tension (2.25) along the
limiting curve. See Appendix B for expansions of some
intermediate quantities. Here, we just list a leading term
8of σ for further reference,
σ = σ1 + . . . , σ1 =
√
mˆ2 − q21
R0−M0
R0+M0
, (4.3)
The expansion of the tension is
τ =
mˆM
r2
(
1− 2M
r
)−1

+
2mˆ2M2 + mˆ
(
M1r
2 − 2M(M1+R1)(r−M)
)
r4
(
1− 2Mr
)2 2
− q
2
1M
r3
1− Mr
1− 2Mr
2 + . . . .
(4.4)
Here, for readability reasons, we have changed the final
mass M0 and the separation parameter R0 to M and R
in the last step.4 The force is expressed in terms of the
Schwarzschild coordinate r of the particle with the help
of (4.1).
We see that in the leading order, we have obtained
just a term that does not depend on the charge of the
particle. It should be compared with the gravitational
force acting on the particle in the static frame. However,
first we have to identify the rest mass of the particle. The
mass m of the massive object in the limiting procedure
has the meaning of the asymptotic mass [61]. For a point
particle, the asymptotic mass mˆ is the energy evaluated
at infinity and thus it is related to the rest mass mo as
mˆ = mo
√
1− 2M
r
. (4.5)
Substituting into the expansion of the tension, we find
that the first order term of the external force needed to
support the particle is
Fext 1 ≡ τ1 = moM
r2
(
1− 2M
r
)− 12
, (4.6)
which is exactly the force acting against the static grav-
itational force, cf. the first term in (3.1).
If we were not sure about the interpretation of the
mass parameter mˆ, we could reverse the argument. The
leading term should reproduce the gravitational force,
and from that we obtain the relation (4.5) between mˆ
and the rest mass mo.
Returning to the expansion (4.4) of the tension, we
see that we obtained the self-force contributions only in
the second order. The first term in order 2, the term
depending on the mass mˆ, is related to the gravitational
4 We will do this substitution in all final expressions for the self-
force. However, in the intermediate calculations, we still have
to use M = M0 +M1+ . . ., R = R0 +R1+ . . ., and to distin-
guish M , R and M0, R0. Mostly, this should not cause confusion,
and it improves the readability of the final results.
self-force. The second term proportional to q21 , is related
to the electromagnetic self-force.
There is an important difference between these two
terms. The electromagnetic self-force does not depend on
the details of the limiting procedure hidden in coefficients
M1 and R1. On the contrary, the gravitational self-force
does depend on these details. We thus obtain that the
external force on the point particle needed to balance the
electromagnetic self-force is
Fext EM 2 = −q
2
oM
r3
1− Mr
1− 2Mr
, (4.7)
where, for aesthetic reasons,5 we changed q1 → qo. This
result does not depend on further details of the limit.
Surprisingly, it is not the same as the standard electro-
magnetic self-force obtained earlier [8, 10], cf. the second
term in (3.1). It coincides with the classical result for
a large radius, r M , but it differs closer to the hori-
zon. This difference is due to fact that we have consis-
tently incorporated the backreaction of the agent causing
the force, namely, of the strut, on the spacetime. The
electromagnetic field of the massive object is influenced
by the presence of the strut in the fully interacting sys-
tem. And this influence modifies the resulting force in
the limit. The effect is bigger when the strut is short
and its energy density and tension are large. This cor-
responds exactly to the case when the point particle is
close to the horizon.
Finally, we should investigate the gravitational self-
force. We have already observed that, in contrast to the
electromagnetic self-force, it depends on the choice of the
family of spacetimes parametrized by the small param-
eter ; namely, it depends on what is held fixed in the
limit  → 0. The main result could be as follows: the
gravitational self-force on the point particle has a well-
defined meaning only after an explicit description of how
the limit of a point particle is obtained.
In order to demonstrate this type6 of freedom, we
choose several reasonable limiting procedures and show
the corresponding self-forces.
Constant mass M and separation between centers
Mathematically, the simplest choice is to assume that
the mass M() and the separation parameter R() do not
change during the limit. This means
M1 = 0 , R1 = 0 , (4.8)
leading to
Fext gr 2 =
2mˆ2M2
r4
(
1− 2Mr
)2 = 2m2oM2r4(1− 2Mr ) , (4.9)
5 Here, qo does not refer to a “rest” charge similarly to the rest
mass mo, but it just indicates that it is an intrinsic characteristic
of the test particle.
6 This is the type (iii) freedom discussed in the Introduction, see
[58].
9where the last formula is expressed in terms of the rest
mass mo using (4.5). The corresponding self-force is thus
attractive; i.e., it points in the opposite direction to the
electromagnetic self-force. It also decreases faster with
the radius.
Constant mass M and separation between horizons
A more natural choice may be to keep the coordinate
separation between the horizons of two black holes fixed,
R− Σ− σ
= (R0−M0) + (R1−M1−σ1) + · · · = const , (4.10)
with σ1 given by (4.3). Assuming also a constant mass,
M = const, we obtain
M1 = 0 , R1 = σ1 , (4.11)
and for the force
Fext gr 2 = −2mo
√
m2o−q2oM
r3
+
2mo
(
mo−
√
m2o−q2o
)
M2
r4
(
1− 2Mr
) .
(4.12)
We see that the gravitational self-force is influenced by
the charge of the particle in this case. It is well defined
only for m2o > q
2
o , which is related to the fact that we
have assumed the existence of both horizons, i.e., that
the massive object in the limiting process is a black hole.
The first term is dominant for large r, and it also remains
for an uncharged particle, qo = 0, when
Fext gr 2 = −2m
2
oM
r3
. (4.13)
The self-force is repulsive from the black hole in this case.
Constant total mass and separation between centers
Requiring the total massM = M +m and R constant,
we get
M1 = −mˆ , R1 = 0 , (4.14)
and for the force we obtain a rather simple expression
Fext gr 2 = −2m
2
o
r2
. (4.15)
Surprisingly, it does not depend on the mass M of the
big black hole; it depends on r by the inverse square
law. Thus, it decreases at the same rate as the standard
gravitational force (4.6).
Constant entropy S and thermodynamic length
Assuming that the massive object is a black hole, we
can require the entropy of the big black hole S and
the thermodynamic length `Hh to be constant during the
limit. Expanding the first expression in (2.23) and (2.26),
we obtain
S = 4piM0 + 8piM0
(
M1 +
mˆM0
R0+M0
)
+ . . . , (4.16)
`Hh = (R0−M0) +
(
R1−M1−σ1− 4mˆM0
R0+M0
)
+ . . . .
(4.17)
Requiring the first order terms to vanish, we get
M1 = − mˆM0
R0+M0
, R1 = σ1 +
3mˆM0
R0+M0
. (4.18)
Substituting into the formula (4.4), we get an unimpres-
sive result
Fext gr 2 = −6m
2
oM
r3
1− 4M3r2
1− 2Mr
+
2mo
(
mo−
√
m2o−q2o
)
M
r3
1− Mr
1− 2Mr
.
(4.19)
Assuming that the massive object is a naked singular-
ity, we require that the thermodynamic length `Hs given
by (2.27) is constant. Its expansion is
`Hs = (R0−M0) +
(
R1−M1+mˆ− 4mˆM0
R0+M0
)
+ . . . ,
(4.20)
which yields
M1 = − mˆM0
R0+M0
, R1 = mˆ
2M0−R0
R0+M0
. (4.21)
For the force, we obtain
Fext gr 2 =
m2oM
r3
(
1− 2M
r
)
. (4.22)
It is worth noting that the gravitational self-force is again
attractive in this case. It is also independent of the charge
of the particle.
Constant temperature T and thermodynamic length
Similarly to the entropy, we can keep constant the tem-
perature (the surface gravity) of the big black hole. Its
expansion reads
T =
1
8piM0
− 1
8piM0
(
2mˆ
R0+M0
+
M1
M0
)
+ . . . , (4.23)
For the limit of a small black hole, we require the ther-
modynamic length `Hh to be constant. This means that
the first order terms in expansions (4.23) and (4.17) must
vanish, which yields
M1 = − 2mˆM0
R0+M0
, R1 = σ1 +
2mˆM0
R0+M0
. (4.24)
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The force turns out to be
Fext gr 2 = −4m
2
oM
r3
1− Mr
1− 2Mr
+
2mo
(
mo−
√
m2o−q2o
)
M
r3
1− Mr
1− 2Mr
.
(4.25)
In the case of a naked singularity limit, we require the
thermodynamic length `Hs to be fixed. From (4.23) and
(4.20) it follows that
M1 = − 2mˆM0
R0+M0
, R1 = −mˆR0−M0
R0+M0
. (4.26)
Surprisingly, all contributions to the gravitational self-
force cancel each other in this case,
Fext gr 2 = 0 . (4.27)
Constant mass M and proper length between horizons
As the last example, we discuss the limit of a small
black hole with mass M and the proper length between
black-hole horizons LHh fixed. The expansion of the
proper length (C4) is discussed in Appendix C,
LHh =
√
R20−M20 + 2M0 arctanh
√
R0−M0
R0+M0
−
(
mˆ
4M0√
R20−M20
+ (M1−R1)R0+M0
R0−M0
+ 2
(
mˆ
R20+3M
2
0
R20−M20
−M1
)
arctanh
√
R0−M0
R0+M0
+ mˆ
R20+3M
2
0
R20−M20
log
σ1M0 
4(R20−M20 )
)
+ . . . .
(4.28)
A new feature here is that the expansion contains loga-
rithmic terms log . This reflects the nonanalytic depen-
dence of the proper length on the expansion parameter.
However, one can still require that the linear terms of
expansion of M and LHh vanish, yielding
M1 = 0 ,
R1 =
4mˆM0
R0+M0
+ mˆ log
σ1M0 
4(R20−M20 )
+
2mˆ
(
R20+3M
2
0 )
(R0+M0)
√
R20−M20
arctanh
√
R0−M0
R0+M0
.
(4.29)
Substituting to the tension (4.4) gives a complicated ex-
pression for the force
Fext gr 2 = − 2m
2
oM
r4
(
1− 2Mr
)(M + 2M(1−2M
r
)
+ 2
r −M√
1− 2Mr
(
1−2M
r
+
4M2
r2
)
arctanh
√
1−2M
r
+ (r −M) log
√
m2o−q2oM 
4r2
√
1− 2Mr
)
.
(4.30)
We derived this expression mainly because it shows
that the physically well-motivated condition of the fixed
proper distance can lead to logarithmic divergences in
the self-force. Of course, the self-force is of the second
order in , so the logarithmic term is of the type 2 log 
which is not a real divergence. But it still documents a
broad range of behavior of the self-force, depending on
the limiting procedure.
A similar analysis can be made in the naked singularity
case, using the proper length LHs given by (C15). The
expansion of the elliptic integrals is even more problem-
atic, and the result is not a simple expression. It contains
logarithmic terms, and it depends on the charge of the
particle. Because it does not offer anything qualitatively
new, we skip it here.
C. Limit m, q → 0 with m q
By discussing various limiting procedures, we have
clearly demonstrated that the gravitational self-force in
this approximation is not uniquely defined. However, it
raises the question of the well-definiteness of the elec-
tromagnetic force, which is of the same order. Can one
take the expression (4.7) seriously if it should be com-
bined with a non-unique expression for the gravitational
contribution? One could argue that the electromagnetic
self-force is identified by its dependence on the square
q2o of the test charge. However, we have seen that the
gravitational self-force can also depend on the charge.
However, we can modify our approximation by assum-
ing that the mass m of the massive object is much smaller
than its charge q. This implies that the massive object
must be modeled by a naked singularity. Although this
can raise suspicions, the values of the charge and mass of
elementary particles satisfy the condition mo < |qo|. We
implement this by changing the expansion (4.2) as fol-
lows:
m() = mˆ 2 ,
q() = q1 + q2 
2 + . . . ,
M() = M0 +M1 + . . . ,
R() = R0 +R1 + . . . .
(4.31)
The mass m thus approaches zero faster than the
charge q.
Not surprisingly, the expansion of the tension (4.4)
changes to
τ =
mˆM
r2
(
1− 2M
r
)−1
2− q
2
1M
r3
1− Mr
1− 2Mr
2 + . . . . (4.32)
It defines the force needed to support the test point par-
ticle at a static position as
Fext =
moM
r2
(
1− 2M
r
)− 12 − q2oM
r3
1− Mr
1− 2Mr
, (4.33)
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where we again introduced the rest mass mo by (4.5) and
the symmetric notation for the charge, qo ≡ q1.
Clearly, the first term compensates the gravitational
force in the static frame, and the second term is the elec-
tromagnetic self-force derived above in (4.7). Further
corrections corresponding to the gravitational self-force
are now of higher order, and we ignore them. In this
context it makes sense to discuss the electromagnetic self-
force alone. The result (4.33) should thus be compared
with the classical result (3.1). As discussed above, we
have obtained a modification of the self-force near the
horizon due to the gravitational influence of the strut on
the electromagnetic field.
V. SUMMARY
To obtain a better understanding of the nature of the
point-like particle approximation, we investigate a fully
interacting system of a big neutral black hole with an
extended charged massive object nearby. The massive
object is modeled by a small black hole or a naked sin-
gularity, which corresponds at the limit to the particle
with mass and charge satisfying mo & qo or mo . qo, re-
spectively. This system obeys the full Einstein–Maxwell
equations; the massive object is kept in equilibrium above
the black hole by a strut with a linear tension which bal-
ances the gravitational and electromagnetic interaction
with the black hole.
By shrinking the massive object to a point, we ob-
tain the Schwarzschild spacetime with a test point-like
charged particle supported on the static orbit by a test
strut. The tension of the strut defines the external force
needed to balance the gravitational force of the black hole
and the gravitational and electromagnetic self-forces.
When we choose the limiting procedure such that the
mass and the charge of the massive object approach zero
in the same order, we find that the leading term of the
tension of the strut corresponds to the standard gravi-
tational force (4.6) of the black hole acting on the par-
ticle. In the next order we find that the tension also
compensates the electromagnetic and gravitational self-
forces. The electromagnetic self-force is given by expres-
sion (4.7). It is independent of any further details of the
limiting procedure.
The gravitational self-force, on the other hand, de-
pends on the details of what is kept fixed while taking the
limit of small mass and charge of the test particle. We
have demonstrated that, by a suitable choice of the limit,
one can achieve very different results for the self-force: it
can be attractive or repulsive, cf. (4.9) vs. (4.12); it may
or may not depend on the charge, cf. (4.19) vs. (4.22);
and it can be independent of the mass of the black hole,
see (4.15). It may even completely vanish, cf. (4.27),
or it can contain terms logarithmic in the expansion pa-
rameter, see (4.30). It is clear that one has to choose
very well-founded physical reasons for how to perform
the limiting procedure in order to obtain a trustworthy
and unambiguous result.
If we choose the particle mass to approach zero in
higher order than the charge, i.e. mo  qo, we obtain
to leading order the standard gravitational force and
the electromagnetic self-force, together given by formula
(4.33). The gravitational self-force is of higher order now
and can be ignored.
The electromagnetic self-force (4.33) obtained in our
model differs from the classical result (3.1) in a domain
near the horizon. The reason for this difference is that
we have taken into account the influence of the strut (the
agent supporting the massive object) on the surrounding
geometry and thus also on the electromagnetic field. The
effect is strong for a short strut with large linear energy
density and tension, i.e., exactly when the massive object
is near the horizon. As a consequence, our formula for
the electromagnetic self-force diverges on the horizon.
When considering the result (4.33), one can easily
check that there exists a self-floating solution when the
electromagnetic self-force compensates the gravitational
force and the strut is not needed (it has vanishing en-
ergy and tension). However, as for a similar situation
discussed for the classical electromagnetic self-force [10],
parameters of such a solution are unphysical. This hap-
pens for the mass of the black hole and the position of the
particle being of the order of the “classical radius”
q2o
mo
of
the point particle. In this regime quantum effects spoil
the validity of the classical theory which we are assuming.
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Appendix A: Metric functions
The metric functions f and h and the potential Φ have
been specified in (2.6) and (2.7) using auxiliary functions
A, B and C. These functions read [60–63]
A = Σσ[ν(R++R−)(r++r−) + 4κ(R+R−+r+r−)]
− (µ2ν−2κ2)(R+−R−)(r+−r−) ,
(A1)
B = 2Σσ[(νm+2κM)(R++R−) + (νM+2κm)(r++r−)]
−2σ[νµ(Q−µ)− 2κ(RM−µq−µ2)](R+−R−)
−2Σ[νµ(q+µ)− 2κ(Rm+µQ−µ2)](r+−r−), (A2)
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C = 2Σσ[(ν(q+µ) + 2κ(Q−µ))(R++R−)
+
(
ν(Q−µ) + 2κ(q+µ))(r++r−)]
−2σ[νµM + 2κ(µm−RQ+µR)](R+−R−)
−2Σ[νµm+ 2κ(µM+Rq+µR)](r+−r−) .
(A3)
The quantities involved here have been introduced in
Sec. II A.
Appendix B: Expansion of various quantities
A derivation of the tension expansion in the limit (4.2)
is straightforward, but tedious. First, we list some inter-
mediate expansions for the involved quantities.
We start with the expansion of the constant µ defined
in (2.5),
µ =
M0q1
R0 +M0
+
(
M1q1 +M0q2
R0 +M0
− M0q1 (mˆ+M1 +R1)
(R0 +M0)2
)
2 + . . . . (B1)
Next, the half-length σ, cf. (2.4), is
σ = σ1 − q1
σ1
q1 (mˆM0 +M0R1 −M1R0) + q2 (R20 −M20 )
(R0 +M0)2
2 + . . . , (B2)
where
σ1 =
√
mˆ2 − q21
R0 −M0
R0 +M0
=
√
m2o − q2o
√
1− 2M
r
.
(B3)
The last formula is just expressed in terms of the rest
mass mo, charge qo ≡ q1 and the Schwarzschild coordi-
nate r = R0 +M0.
Finally, for the constants ν and κ, cf. (2.5), the expan-
sions are
ν =
(
R20 −M20
)
+ 2
(
R0R1 −M0M1
)
+ . . . , (B4)
κ = mˆM0 +
(
mˆM1 − q
2
1 M0R0
(R0 +M0)2
)
2 + . . . . (B5)
Appendix C: Proper length between the black hole
and a massive object
The proper length of the strut along the symmetry axis
is
L =
∫
strut
(
h f−1/2
)∣∣
ρ=0
dz . (C1)
The metric function h is constant on the axis and on the
strut it takes the value ho given by (2.19). The metric
function f on the strut takes the form
f =
(
(z − zH)2 − Σ2
)(
(z − zh)2 − σ2
)
((z − zH +M)(zh − z +m)−Qq)2 (C2)
For the case of two black holes, the integration in (C1)
runs between the horizons z ∈ (zH + Σ, zh − σ) and we
get
LHh = ho
∫ zh−σ
zH+Σ
(z − zH +M)(zh − z +m)−Qq√(
(z − zH)2 − Σ2
)(
(z − zh)2 − σ2
) dz .
(C3)
After some substitutions and manipulations, and using
integral tables, one can derive the result in terms of el-
liptic integrals,
LHh =
ho
ξ
(
ξ2 E(k) + 4mΣ Π(α2, k) + 4MσΠ(A2, k)
+ 2
(
Mm−Qq−Mσ−mΣ−Σσ)K(k)) . (C4)
where
ξ2 = R2 − (Σ− σ)2 , α2 = R− Σ− σ
R+ Σ− σ ,
k2 =
R2 − (Σ + σ)2
R2 − (Σ− σ)2 , A
2 =
R− Σ− σ
R− Σ + σ .
(C5)
In the test charge limit σ → 0 and, hence,
k2 → 1, A2 → 1. (C6)
The expansion at k = 1 of the functions E(k) and K(k)
does not pose any problems. But the expansion of the
elliptic integrals Π(α2, k) and especially Π(A2, k) in this
limit is less evident.
First of all we rewrite (C4) using the following property
of the elliptic integrals (see Eq. (19.7.9) at [71])
σΠ(A2, k) + ΣΠ(α2, k) =
1
2
(R+ Σ + σ) K(k) (C7)
This makes it possible to rewrite (C4) in an equivalent
non-symmetrical form,
LHh =
ho
ξ
(
ξ2 E(k)− 4Σ(M −m)Π(α2, k)
+ 2
(
MR+Mm−Qq−Σσ+Σ(M−m))K(k)) . (C8)
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This form is much better suited for the series expansion
at small m and q. Then we use the following representa-
tion
Π(α2, k) = K(k)
− α√
1−α2√k2−α2
(
E(k)F(β, k)− K(k)E(β, k)
)
,
(C9)
where sinβ = αk . This identity is valid for all 0 < k < 1
and 0 < α < k, and it is convenient to find the series
expansion at k = 1 since the expansions of incomplete
elliptic integrals E(β, k) and F(β, k) at k = 1 are well
known.
To write down these expansions, it is useful to intro-
duce the quantity k′ =
√
1− k2 and compute the series
at k′ = 0. The list of necessary expansions is
K(k) = − ln k
′
4
− 1
4
(
ln
k′
4
+ 1
)
k′2 − 9
64
(
ln
k′
4
+
7
6
)
k′4 +O(k′6) , (C10)
E(k) = 1− 1
2
(
ln
k′
4
+
1
2
)
k′2 − 3
16
(
ln
k′
4
+
13
12
)
k′4 +O(k′6) , (C11)
F(β, k) = arctanhα+
1
4
(
arctanhα+
α
1− α2
)
k′2 +
9
64
(
arctanhα+
α(5− 3α2)
3(1− α2)2
)
k′4 +O(k′6) , (C12)
E(β, k) = α+
1
2
arctanhα k′2 +
3
16
(
arctanhα+
α
1− α2
)
k′4 +O(k′6) . (C13)
Using the identity (C9) we get
Π(α2, k) = − ln
k′
4 + α arctanhα
1− α2 −
1 + (1 + α2) ln k
′
4 + 2α arctanhα
4(1− α2)2 k
′2
− 1
128(1− α2)3
(
6(3 + 6α2 − α4) ln k
′
4
+
(
48α arctanhα+ 21 + 12α2 − 5α4)) k′4 +O(k′6) . (C14)
Using the expansion (4.2) of the spacetime parameters
in formulas (2.19) (C5), substituting these in the series
expansions above, and putting them all together in (C8),
we eventually obtain the result (4.28).
The case with a naked singularity is a bit more in-
volved, and here we present only the formula for the case
we are interested in, namely, for a naked singularity of
mass m and charge q near a neutral black hole of mass M .
In this case one has to integrate over z from the horizon
up to the naked singularity z ∈ (zH +M, zh +m), which
gives the expression
LHs =
ho
ξ
(
ξ2 E(ψ, k)− ξ
√
m2 + σ˜2
√
R−M +m
R+M +m
− 4M(M−m)Π(ψ, α2, k) + 2M(R+M−iσ˜)F(ψ, k)
)
.
(C15)
Here ξ, k2, α2, and ho are again given by (C5) and (2.19),
but with Σ = M and an imaginary σ = iσ˜, where a real
σ˜ is
σ˜ =
√
q2 + 2µq −m2 . (C16)
The constant ψ is given by
sinψ =
√
(R+M − iσ˜)(R−M +m)
(R−M − iσ˜)(R+M +m) . (C17)
The expression (C15) contains complex arguments, nev-
ertheless, one can show that L is real, as it should be.
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